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We analytically calculate the probability of e-e  + production with a given relative 
energy from a closed string arising from the Nambu action as a solution of a 
circularly oscillating string as, perhaps, the simplest generalization of the classic 
pointlike particle. A numerical analysis of the result is also given. 

We analytically calculate the probability (per unit period) of e-e + 
production with a given relative energy from a closed string arising from 
the Nambu action (Goddard et ai., 1973; Kibble and Turok, 1982; Albrecht 
and Turok, 1989; Sakellariadou, 1990). A numerical analysis of the result 
is also given. The solution considered is that of a circularly oscillating closed 
string as, perhaps, the simplest generalization of the classic pointlike particle 
(Schwinger, 1973; Berestetski et aL, 1982; Dittrich, 1978; Pardy, 1983). The 
trajectory of the string is described by a vector function R(o-, t), where o" 
parametrizes the string. The equation of motion of the closed string is taken 
to be (Kibble and Turok, 1982; Albrecht and Turok, 1989; Sakellariadou, 
1990; Manoukian, 1991): 

R - R " =  0 (1) 

with constraints 

k.R'=0, k2+a'2=l, R (2) 

where Wo is some constant, and k = a R / a t  and R'=0R/8o-. The general 
solution to (1) is 

R(cr, t) = l [A( t r -  t) +B(tr + t)] (3) 
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where A and B satisfy, in particular, the normalization condition A '2 = B '2 = 

1. For the system (1)-(2), we consider a solution of the form (Manoukian, 
1991; Sakellariadou, 1990) 

R(o., t) = 1 (cos OJoo., sin ~Ooo., 0) sin toot (4) 
O) o 

describing a radially oscillating circular string, and for the electromagnetic 
current 

er176176 f 2~'/~~176 J - ' ~ - ~  J o -  do" R83(r-R(o", t)) (5) 

jo eo~o f 2~'/'~176 do"83(r_R(o" ' t)) (6) 
~ "~"~ d0 

with e representing the total charge of the string. The explicit integrals in 
(5), (6) give (h = c = 1) 

~(r -Is in  OJotl/~oo) e 
J(r, z, t) = ~ (cos 0, sin 0, 0) r 

x 8(z) cos(oJot) sgn(sin oJot) (7) 

J~ z, t) =._e_e 8 ( r - l s i n  ~ootl/oJo) 8(z) (8) 
27r r 

in cylindrical coordinates, where r now lies in the plane of the string. Using 
the periodicity of J~ in time, we may write 

f d2p dq J # ( r ,  z, t ) =  i .  e -'N~~ 
J N =--oo 

x e 'p'" e~qZB"(p, N) (9) 

The properties of the inverse Fourier transform in (9) have been studied 
in detail in Manoukian (1991) and its expression is readily worked out to be 

B~ N)=e(-1)N/2 cos(-~)J2N/2(2-~o ) (10) 

etoo, . ,N/E-.  { N~r'~ B(p,N) Tt-. cOS T / 

d~, sin (a,O)j2/2(~o) (11) X(COS 

where p=p (cos  d>, sin ~b), and J,(x) is the Bessel function of order n. 
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The probability of e-e + production is given by (Schwinger, 1973; 
Berestetski, et al., 1982; Dittrich, 1978, Pardy, 1983; Manoukian, 1986) 

p= f ~ J ' * ( k ) * I m ~ + ( k ) J ~ ( k )  (12) ( ) 

where k 2= - M  E, a = e2/4r and 

I ( M  2) 
Im/)+(k)  = ot M2 

a [ 2m2\ ( 4m2~ 1/2 
- 3 ~ 1 + ' ~ 5 " )  1 - - ~ ]  , M2>-4m 2 (13) 

for the lowest order contribution to the imaginary part of the photon 
propagator. Using the Fourier transform in (9), we obtain for the probability, 
per unit period (~/too) of time, of e-e + production with relative energy 
k ~ Ntoo the expression 

f d3 k dM 2 
PN = 2rra (2~r)a2k ~ M~ I(M2)~(k ~  woN) 

• B~*(p, N)*B.(p, N) (14) 

k o = (k 2 + M E) 1/2. Upon writing IPl = Ikl sin O and carrying out the Ikl integra- 
tion in (14), we obtain from (10) and (11) 

f 
ro2 N 2 

PN = a2 dM2 
j4m2 M 2 I(M2) 

fo 7r to2N2 COS20 + M2 sin20 
x dO (N2w2o- M2) 1/2 sin 0 

2 2  21/2  ) ) 4  / [ ( N  too -M ) sinO 
X~JN/2~" ~ (15) 

where the N are even positive integers such that N > - 2re~too. Expression 
(15) is our main result. For tOo ~ 0, pN ~ 0, as expected, which would formally 
correspond to a point particle moving uniformly. Expression (15) is evalu- 
ated numerically for a string oscillating with angular frequency tOo = 2m. In 
this case 

2ma 2 dx + 1 [ 1\ 1/2 

P N -  3 1 x ~x ~ l - x )  

fo    os O-,-xsin O( 
x dO ( N 2 - x )  1/2 sin 0 JN/2 2 

2ma 2 
- - - - .  10-3F(N) (16) 
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Fig. 1 

N = 2, 4 , . . . ,  where F(N) is plotted in Figure 1. The treatment of recoil 
problems of the string is beyond the scope of this paper. This approach 
should also provide a way of studying interacting strings via the exchange 
of virtual pointlike particles. These problems will be attempted elsewhere. 

A C K N O W L E D G M E N T S  

This work  was s u p p o r t e d  by  a D e p a r t m e n t  o f  N a t i o n a l  Defence  A w a r d  
u n d e r  C R A D  No.  3610 -637 :FUHDT.  The  au tho r  w o u l d  l ike to t h a n k  Dave  
H a m b u r g e r  for  the  n u m e r i c a l  work.  

R E F E R E N C E S  

Albrecht, A., and Turok, N. (1989). Physical Review D, 40, 973. 
Berestetski, V., Lifshitz, E. M., and Pitaevskii, L. P. (1982). Quantum Electrodynamics, Pergamon 

Press, Oxford. 
Dittrich, W. (1978). Fortschritte der Physik, 26, 289. 
Goddard, P., Goldstone, J., Rebbi, C., and Thorne, C. B. (1973). Nuclear Physics B, 36, 109, 

and references therein. 
Kibble, T. W. B., and Turok, N. (1982). Physics Letters, 11611, 141. 
Manoukian, E. B. (1986). International Journal of Theoretical Physics, 25, 147. 
Manoukian, E. B. (1991). Nuovo Cimento, 104A, 1459. 
Pardy, M. (1983). Physics Letters, 94A, 30. 
Sakellariadou, N. (1990). Physical Review D, 42, 354. 
Schwinger, J. (1973). Particles, Sources and Fields, Vol. II, Addison-Wesley, Reading, 

Massachusetts. 


